Complex Numbers
and Quadratic

= \

The voltage produced by a battery is characterized by one real number (called
potential), such as +12 volts or -12 volts. But the “AC” voltage in a home requires two
parameters. One is a potential, such as 120 volts, and the other is an angle (called
phase). The voltage is said to have two dimensions. A 2-dimensional quantity can be
represented mathematically as either a vector or as a complex number (known in the
engineering context as phasor).

Topic Notes

Complex Numbers and its Planar Representation
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COMPLEX NUMBERS AND ITS
PLANAR REPRESENTATION

TOPIC 1
COMPLEX NUMBERS

"A complex number is a combination of real and
imaginary numbers which can be represented as
a+ ibwhere a and b are real numbers”. Such expressions
are known as a cartesian form of the complex number.

Here, a is the real part and b Is the imaginary part.
So.z=a + Ib is a complex number.

Purely Real and Purely Imaginary
Complex Numbers

A complex number z = x + iy is a purely real if its
imoginary partis 0, Le. Im(z) = 0 and purely imaginary if
its real part is O Le. Re(2) = 0.

Equality of Complex Numbers

Two complex numbers z, = x, +iy, and z, = x, + iy, are
said to be equal. if x, =x,and y, = y,.
ie Re(z)) = Re(z,) and Im(z)) = Im (z,).

Thus, two complex numbers are equal if and only if,
their real parts are equal and their imaginary parts are
also equal

A Caution

= Other relation ‘greater than’ and less than’ are not defined
for complex number.

Imaginary Numbers

"An imaginary number is a number whose square is
less than or equal to zero”.

eg J:J—_Q - etc.

Here, \J—1 can be defined as / (jota).

Integral power i(iota)

and so on.
Power of I- FRFFEER

Simplified form: i, -1.-1 1.1 -1.-/

To simplify. i~" we can write i“”:% which can be
i

simplified as above.

Example 1.1: Express the given complex number
in the form a + ib:

@
® (1-p* [NCERT)
Ans. () i =%
1

1
T (P Pxi
Putting t=-1

1
B (-1)*¥ xi

1
—-1xi

= __i{ [Multiplying and dividing by —i]

1 -~

= — ) —
-1 =l
=1 , i
fT [Putting i~ = - 1]

—i
—_—

(-1)

=0+

® @-)
=(1-1)’
=(1-)(1-)°
Using (a - b)* = a* + b* - 2ab
=(1% 4 Fudn Ll %P2 x L)
=(1+PR-2)(1+-2)
=(1-1-2)(1-1-2) [putting#=-1]
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=(0-20) (0-2)
= (~2i) (-2))
=4

Putting 7 = -1
=4 x-1
=-4
=-4+0
=-4+0i

Algebra of Complex Numbers

letz, = x, + iy, and z, = x, + iy, be any two complex
numbers, then their addition, subtraction, multiplication
and division are defined as

Addition of Two Complex Numbers
Z 4z, =00 +1y,) + (X, + 1Y)
=00+ xg) +ilyy +yq)
Properties of Addition:
(1) Closure:z, + z, is also a complex number.

(2) Commutative:z, +z,=2,+Z2

;A i

(3) Associative:z, +(z, +2,) = (2, +2,) + 2,

(4) Bxistence of additive identity:z+0=2z=0+2z
Here, 0 is an additive identity.

(4) BExistence of Additive inverse:z + (-2) =0=(-2) + z

Here, -z Is additive Inverse.

Example 1.2: Express the following in the form of
a +ib.

o (335
o (53304

Ans. (A) Consider the given expressian,

G5 Hes3 )5
JEDIEIEN
- (543)
(3+50G)

1—;—+-§-{, which is in the form of a + ib.

[NCERT]
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= = 2 +i0, which is in the form of a + ib.

Difference of Two Complex Numbers
Zy = 2Zy= (X +iyy) = (X + iy,)
= = x) +ily, -y
Example 1.3: Find the real values of x and y, if
(<* + 2xi) - (3% + iy) = (3 - 5i) + (1 + 2iy).
Ans. We have,
Ot + 2xi) - (3x? + iy) = (3 - 5i) + (1 + 2iy)
= 4B+ x-)i=4+(-54+20)i
On equating real and imaginary parts both
sides, we get
x'-3x2=4
x-y=-5+2y
2x-3y=-5
On solving eq. (i), we get
-3 =4
X -3x2-4=0
=4l +x-4=0
-2+ 1)=0
x*-4=0
[-- x* + 120, for any real value of x]
; X=x2
On putting x = £ 2 in Eq. (i), we get

and
=

=%
—
=
o=

1
y =3, when x =2 and y=§- when x =-2
1

Thus, x=—-2,y=§- orx=2,y=3.
Multiplication of Two
Numbers

2,2, = (x, +iy,)(x, +Hy,)
= (X =Yy Ug) + il Y, + 259,

Properties of Multiplication:
(1) Closurelaw:z,z,
(2) Commutative low: z,z, = z,z,
3
)

Complex

is also a complex number.

Associative law: 21(2223) =(2,2,)z,

Existence of multiplicative Identity
z2ol=d=l.2

Here, 1 is multiplicative Identity.

©)

Existence of multiplicative inverse: Far every non-
zero complex number z, there exists a complex z,

suchthat z.z,=1 =2z, .z

(6) Distributive law: z,(z, +z,) = 2,z

R
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Example 1.4: Find the real values of x and y, if
(1 +)(x+iy)=2-5i

Ans. We have, (1 + )(x +iy) =2 = 5i
= X+iy+Ix+Py=2-5i
= X+iy+x)-y=2-5i [ P=-1]
= x-y)+ix+y)=2-5i
On equating real and imaginary parts from bath
sides, we get
x-y=2 ()
and x+y=-5 _(ii)
On adding eqs(}) and (i), we get
X-y+x+y=2-5

= 2X=—3
-3
= X= —
2

On substituting x=:;-13- in eq. (ii), we get

-3
—+y=-5
3 y
-10+3 -7
= y=—5+—= o
2 2 2
-3 -7
= — dy= =—
X and y >

Division of Two Complex Numbers

_Z.A.=x +f.y =(x X, +y Yy )+i(x,y —x y;}
z, X, +iy, x§+y§
Where, z,#0

(3+1/5i)(3— V/5i)
Example 1.5: Express
(V3+20) - (V3 - V20)

the form of a + ib. [NCERT]

(3+/5)(3- i)
Ang; TS ~NE)
" (V3 +320)-(3-2))

___(@?-(si?
34+\2i-\3+2i

[--'(21 +22)(Zl -—22)=ZE—Z§]

9+5 14 7
B T

[by rationalising the denominutor]

7\/51 7\/51

ol

which isin the form of (a + ib).

Conjugate and Modulus

Let z = a + ib be a complex number, then the conjugate
of z denoted by Z is defined as the complex number

a-ib
SO. Z =a-ib

In ather words, the conjugate of a complex number can
be obtained by changing the sign of imaginary part of
z Itisdenoted by 7.

Properties of Conjugate:
(1) (Z)=z

(2) z+ Z =2Re(2),z- Z=2iIm(2)
(3) z=z.ifzls purely real

4 z+z=

®)
6 2z -z,
7 zz,=7-

[f]

@ z.z={Re@} +Im@}’

0 < zis purely imaginary

N

o

1 2

N
n
.l"l rJ“I

N

-Z

Z+
2=
Z—

"‘II--"‘I

(10) 2,2, + 2,2, =2Re(z,2,)=2Re (2Z,)
(11) fz=Rz,). then 7 =fz)) f(Z;)

(12) (2" =(")

Modulus

Let z = a + ib be a complex number. Then the modulus
of z is defined as the non-negative real number

ya? +b? _ltis denoted by |z|.
So, Izl: \,‘Gz+b2

Properties of Modulus:

1) |z|20

(2) If|z]|20,then z=0Lle Re(z) = 0 =Im(2)
@A) -|z|sRe(@s|z|and-|z|s|ImE) |<]|2|
@ lzl=lzl=1-zl=]-Z|

(8 zz=|z|’

ONEXACIERIEA
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51

2
@) |z,+z, |2=|z1 |2+|22]2+2Re (z,25)

|2,

Iz,

@

© 1z,-2,=1z,*+]2,|*- 2Re (2,2,)

(10) |z, + 2z, | | 2, | +] 2,1
AN |z,-2,| 2|25 ]~ 2]
2—i

_6-V6i+2 frisdi)
1242

eﬂaf

Now, modulus of z,

Example 1.6: What is the conjugate of ?
(1-20)° AV
2 2 A=Wz ) 1
Ans. Let z= _'_ r— - =
(1-2i) (17 -2(1)(2)+(20)7) 16 6
49 196
[ (21-22)2 =212 -2z,z, +z§]
= 7 Ie4+ _[70 (
= z= 1_4i-4) [ #=-1] 196
2_i Example 1.8: (A) Find the multiplicative inverse of
= gr—
-3-4i the complex number JE +3i.
= e 2-j % -3+4i (B) Express the following expression in the form of
-3-4i -3+4i .
a + ib.
[by rationalising the denominator]
(2-1)(=3+4D) @+V5)(3-V51)
. g ET O E) . [NCERT]
(=3)2 = (40)? (3 +V21)-(V3-21)
[ (zy+2,)(z, -2;)= z 222] Ans. (A) Multiplicative inverse of z=z =}
1
—6+81+3] -4 =
= Iz —— z
9-16/2
Here, z=y5+3i
=5 2= ‘_S.M I-_-j‘z =_1] 1
9+16 Multiplicative inverse of V5 +3i= .
ol (i ;,'5 +3i
= Z=
25 Rationalising
= = _%J,%- 1 f a
\/— 543/ J5-
Hence, Zz = —i—:—t—]-'-
R T T _ 5-3i
Example 1.7: Find the modulus of the complex (;5 +3f)(;5—3”
e V3=hf2 [ (@a-b)a+b)=a’-b7
number —-
23-i2 ) J5-3i
Ansis  xe SN ICEENINEED
2D V5 -3i
B o
V3-iv2 2\6#\[— = 512 7 [Putingf=-1]
= (V5)"-(31)
23—z 23+
[by rationalising the denominator] J_ 3i
_ 6+ivei-2V6i -2 T 5-9¢D
(2V37 - (V2iy? V5 -3i
['-(21_22)(21*'22):23_2%] 5+9
Get More Learning Materials Here : & m
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J5-3i _ 14
T 14 2.2i
= & 3’ 14 2.2
~ 14 14 = o 2y2!
01 2.8
) _3+V5DE-V51) V2i '
(V3+20)-(3-v21) _28\2i
3P -GVs) 8x 12
T JB+2i=-3+iV2
28\2i .
[+ (a+b)a-b)=a’- b =3 [Putting A =-1]
_ 9-12x5
T BB it i —72\/5,
Putting # =-1
_ _9-(=D)x5 _0+(—7J5]f.
0+:f21+132 - 2
- TOPIC 2
ARGAND PLANE

A complex number z = x + iy can be represented by a
unique point P(x, y) in the Cartesion plane, referred to o
pair of rectangular axes. The representation of complex
numbers as points in the plane is known as argand
diagram. The plane, representing complex numbers
as points, is called complex plane or argand plane ar
Gaussian plane.

A purely real number x, Le. (x + Oi) is represented by the
paint (x, 0) on x-axis. Therefore, x-axis is called the real
axis, while a is the intersection (common) of two axes

called zero complex number ie z=0 + 0L

If two complex numbers Z, and Z, are represented
by the points P and Q in the complex plane, then
| Z, - Z,| = PQ = distance between P and Q.

bY
lmoglnary mds o)
ey
Real axls
0 £
X' (0.0) X
¥

Representation of Complex Number on
Argand Plane

The complex number z = x + iy and its conjugate
z = x - iy can be represented in the Argand plane The
complex number and canjugate are the paints P (x y)
and Q (x - y) respectively.

Geometrically, the point (x, - y) is the mirror image of
the point (x, y) on the real axis.

Y
P(x.y)
X o X
Q. -y)
Yi

A complex number satisfying - < 8 < & is colled
Principal argument denoted by a

Properties of Argand Plane

The qualities of the argand plane listed below can help

you better comprehend the argand plane.

(1) The axes of the argand plone are comparable to
the axes of ordinary coordinates.

L
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(2) Theoriginisthe place where the realandimaginary
axes of the argand plane intersect

(3) The argand plane's real and imaginary axes are
perpendicular to one other.

(4) The real and imaginary axes of the argand plane
split it into four quadrants in the same way os the
coordinate axis does.

(5) The distance and midpoint formulas are the same
in the argand plane as they are in the coordinate
axes.

(6) Cartesian coordinates or polar coordinates are
used to represent the points in the argand plane.

Example 1.9: Find the modulus and the argument
of the complex numberz = —v3 +i. [NCERT]

Ans. Let, Z=x+iy

Modulus of z=| z| = \P(z +17

Method (1): To calculating modulus of z
Given, Z==3+i
Complex number z is of the form x + iy.
Where, x=—V3andy=1

Modulus of z = | z |

= V(=3 + (1)
= 3+1
= V4
Or, |z|=2
Hence, Modulus of z=2
Methed (2)
Given, z=—N3+i -0
Let, z=r(cos 0 + i sin 6) —(i)

Here, r is modulus, and 0 is argument
From (i) and (t). we get

—\E+i=r(cose+isin9)

—\E+:‘=rcose+ir5in8

—\E i rcosB irsin@

1 1 23
Real |maginary Real  Imaginary
part part Part part

On comparing real parts, we get
- \/5 =rcos@
On squaring both sides, we get

(\,6)2 =(r cos 9}2

3=r’cos’@ (1)
Similarlu, comparing imaginary parts
1=rsin®

Get More Learning Materials Here : & m

numbers with | B | = 1, then find

On squaring both sides, we get
(1)? = (r sin 6)°
1 = r’sin’0 —(iv)
Adding (iii) and (iv), we get
3+1=r*cos?0 +r’sin’e
4=r*cos’0+r'sin’0
4 = r*(cos” 0 + sin’ 6)
4=r'x1 [cos’0+sin’0=1]

4= r2
r=2
Hence, modulus = 2

Finding argument

—V3+i=rcosB+irsing

\"\E. ; i - rcos@. I:‘rsinBl
1 4 1 )
Real Imaginary Real  Imaginary
part part Part part
Comparing real part
= \E =rcosf
Puttingr=2
- \E =2cos6
—vy3=2cosb
V3
0= ——
cos 5
On comparing imaginary parts, we get
1=rsind
Putting, r=2
1=2xsinB
1= sin@
2
. 1
sinB=—
2

5

Hence, sin@= lr:m::.i cosf=—=-=
2 2

Since sin B is positive and cos 8 is negative,
Argument will be in |1 quadrant
Argument = 180° - 30°
=1502

150 % ——
180

Sn
6

Example 1.10: if o and B are different complex

B-a
1-ap|

Ans. We know that, | z|* = &)(2)

z=x+1y, Z=conjugate

Z=x-iy|z|=modulus.|z]| = yx? +y*

L
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|E"°‘|-2 p-a || p-a _(£_4]+[;2,;§]
l1-ap| \1-a)\1-& “ s 572
f1-4x5] ,[2x2—5x5]
= +1
5 10

)
) (52

5 10

p-a \(B-a " -_19]+(-_?1,-]
“\1-ap)\1-af 5 10

which is in the form of a + ib.

_ B-a)(P-a)
- (I—Eﬂ)(l—aﬁ} Example 1.12: Express the given complex number
forma +ib.
[--(& =a)and Conjugate of 1is 1 ie. 1= 1] 1P
_ BE-@-a(-3_ [-2-5'] DicERT]
T 1(1-ap)-ap(1l-ap) g
L
) EE__M_Q|§+Q&_ Ans. Let z = [—2—§f]
“1-ap-ap+aapp ;
As|z]= (@) = _1[z+§;]
2 |ﬁ|7_—[3?—|3u+|aP2 It is of the form (a + b)?
1-af-ap+|af || [ Using (a+b)*=a’ + b + 3ab(a + b)]
Given that | B| = 1
S:’Eﬂ E]IBF:I Here,a:?cndb:%f
= l—F'H:_r.—Bct+|ﬂI2 ¢ 3
1—a|_3—£—£|3+|ui21 z=-1 (2)3+(%i] +3x2x%i(2+%i]]
1-Ba-pa+|al
= = = 2 ( 3
e = 8+[1] x(03+2i(2+1i]]
=1 3 3
2
{
Hence. |-=—| =1 = < 8+ii3+4f+3a?]
-af 27 3
el = 4 3+iixﬂ+4i+3f’2]
1-ap 27 3
p-a i Putting i* = - 1, we get
1-ap|

z=-1[8+ Zi(-n+4i+2(-1)
Example 1.11: Express the given complex number 27 3

inthe form a + ib.

1 2
1.2 .5 a3 8——1+4I——]
Z+iZ|-|4+iZ= NCER z (
(E+s3){+13) ees 27'+43
1 2
1 ..2 5 Z= =84—]=4i+=
Ans. Let = Lo i =l d4 12
- ’ [5 SN QJ 277 3
2. 1
= —B4+—+—i-4i
S22 43 3727
S § 2
2 1
=|-8+=[+|=-4]i
s i [ +3]+[27 ]
S 5 2
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-24+2 " 1-4x27 i
3 27

-22 [1-108),

e i

3 27

-22 (-107).
— | — i
3 [ 27 ]

-22 107,

= ———1

3 27
Which is in the form of a + ib.

Example 1.13: Solve the equations: x* - x + 2 = 0.
Ans. The given equation is x* = x +2 =0
which is of the form
ax?+bx+c=0

Comparinga=1,b=-1,c=2

—-btyb*-4ac

2a

—(-1 (=12 -4x1x2

2x1

1+y-1x7

I
- -
H H
28]
%) T
~ I
o

7

=
H
I
Y
X

1+V7i

1+V7i
2

Thus, X =

-Nn2
Example 1.14: fa + ib = ¥ orove that

2x%+1

(x% +1)?
(2 x2 +1)2
Ans. Given that

a’+b*= [NCERT]

2x%+1

(x—02|

[On taking modulus on bath sides]
(x =) (x-i)

= |a+ib]|=
! l 2x2 41

Get More Learning Materials Here : & m

s
= |c.'+1'b|=l(x )(x =N)]
|2x2 +1]
= |a+ib|= X=Xl
2x2+1
[2 bz_:!x2+1}|_'x2+1
== a + = 3
2x°+1
2
e 02+b2= x“+1
2x2+1
2 2
@y P (x“+1)
Ve

[on equaring both sides)
Hence, proved.

Example 1.15: Case Based:

The conjugate of a complex number z, is the complex
number, obtained by changing the sign of imaginary
part of z. It is denoted by Z. The modulus (or absolute
value) of a complex number, z = a + ib is defined as the

non-negative real number \Jg? 4 p? . It Is denated by

Iz te. | z|= Va? +b2.

b
Multiple inverse of z is ==~ It is also called reciprocal

2
ofz 127

27 =| 2|

On the basis of above information, answer the
following questions:
(A) Assertion (A): If (x - iy)(3 + 5i) is the conjugate
of (-6 - 24i), then the value of
x+yis 1.
Reason (R): The conjugate of (-3 -4i) is
(-3 + 4i).
(a) Both (A) and (R) are true and (R) is the
correct explanation of (A).
(b) Both (A) and (R) are true but (R) is not the
correct explanation of (A).
(c) (A)is true but (R) is false.
(d) (A) is false but (R) is true.

(B) The value of (z+3)(Z +3) is equivalent to:

(@ |z+3f (b) |z- 3|

(©) 22+ 3 (d) none of these
© K Fz)=- “Zz, where z = 1 + 2i, then |f(2)| is:

1-2
@ Zl ®) Iz}
2

(© 2jz| (d) none of these
(D) ifz,=1-3iand z, = -2 + 4i, then find |z, + z,|.
(& Wz=3+4] thentind 222,

@) www.studentbro.in
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Ans. (A) (d) (A)is false but (R) is brue
Explanation: We have, (x - iy)(3 + 5i) is the
conjugate of -6 -241.
= (x=iy)(3 + 5) =-6+ 24i
[-- conjugate of -6 - 24/ = - 6 + 24i]
= 3x-3iy+5ix- 57y =-6 + 24i
= (3x+5y) +i(5x-3y) =-6 + 24i
[ A=-1]_0)
On equating real and imaginary parts bath
sides of eq. (i), we get
3x+5y=-6 _.()
and Sx-3y=124 _(iii)
On multipluing eq. () by 3 and eq. (i) by 5,
then adding the result, we get
9y + 15y + 25x - 15y=-18 + 120
= 34x =102
= x=3

On substituting x = 3 in eq. (), we get

9+5y=-6

= Sy=-15

=5 y=-3

= x+y=3+(-3)=0

®) @ Jz + 3

Explanation: Given that, (z+3)(Z +3)

Let z=x+ly

= (z+3)(Z+3) = (x+iy +3)(x+ 3-1y)
=(x+3)"- @)’
=(x+3)7+y?
=[x +3+iyf’
=z + 37

©@ L
Explanation:

Let z=1+2i

Ji+4=\5
7-z _ 7-1-2i
1-22  1-(1+20)?

= 21

Now, flz) =

6-2i 6-2i
1-1-4P_4 4-4i
3-i _ (3-D(2+2)
2-21 (2-2))(2+20)
6-21+6i-27
e
6+4i+2

4+4
: 8+4i =1+lf

8 2
flz) = 1+1i

2
' 1 441
[ﬂz)]— 1+z= T
5 |z|

_lz
22
(D) Given,z, =1-3iandz, = -2 + 4i

z, 42, =(1=3)+(2+4)==1+i

|z, +2,] = J(~12 +@1)2 =V1+1=12

(E) Given, z=3+4i
z=3-4i
= z+7 = (3+4i)+(3-4)=86
Now, 222-S5_5
z 2

(OBJ ECTIVE Type Questions)

[ 1 mark ]

Multiple Choice Questions
1. Ifarg(z-1)=arg(z-3i),then(x-1):yis:
(@) 3:1 (b) 1:3
{c) 342 (d) 2:3 [Diksha]
Ans.(b)1:3

Explanation: Given arg (z- 1) = arg (z + 3i)
arg(x + iy - 1) = arg(x + iy + 3))
arg(x — i+ iy) = arg(x + iy + 3))

y _y+3

x-1  x
=) xy=xy-y+3x-3
= y=3(x-1)

L
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Ans.

Ans.

Ans.

Get More Learning Materials Here : &

1 x-1
= -_-—=
£ y
X=1T =113
) 2, 1)2
If ::.-+;b=(J’:,—-'-—_)—':hen.':lz+1[:a2 is:
2p-i
(p*+1)* (p+1)?
@ =—— b S—=
4p° +1 P+
2
(c) ﬂ (d) none of these
(4p - 1)2
(p’+1)*
(@ ==
4p” +1
o o (PR
Explanation: Given,a + ib = - @
2p—i
2, 1)2
Then, a-ib= e ) (i)
2p+i

On multipluing (i) and (i), we get

s gz (BOHDE (PP pt4n)
a +b = — X — =
2p-i 2p+i 4p? 4+1

If (@ + ib)* = p + ig then §+§~ is:

(@) O (b) 1

(e -1 (d) none of these

(d) none of these

Explanation: Given, (g + .‘;[:!)1‘r3 =p+ig

It can be rewrite as a + ib = (p + ig)®
a+ib= pa + (h;t]El + Bpglq + 3,r:n(1q1l):l

=p’-iq’ + 3p’qi - 3pq”

a+ib=(*-3pg) +i(3p’q - q)

Thus, a=p’-3pgand b =3p*q-¢q°
2 2 - S
So, a b_pp'-397) aBp"-q’)

P q P q
=p?-3g% + 3p7 - ¢
=4("-q)

7-z

If f(2)= L where z = 1 + 2i, then [f(2)] is:
-z
(a) 2l (b) |z|
2
(©) 27| (d) none of these
[Delhi Gov. SQP 2022]
|z
@ 3

7_22 . wherez=1+2i

Explanation: Given, f{z) =
l-2z

= lel= 12422 =5

7=z

12"

7 -(1+2i)

1-(1+20)?
o

1-1-4P_4i

6-2i

4-4

= flz) =

3
=2
3

—4i
-
_ B gy
22 2+

6+6{—2]-2i2
44
G6+4i+2
444

8+4i
8

= IR2)|

I
—
L8]
o+
|
Te—y

]

=

+
|=

5. (J-4)(y-2) is equal to:
(@) V8 () -8
(© iV8 (d) none of these
Ans. (b) -8
Explanation: (/- 4)(- v2)=iV4.iV2
=2\8=-\8

6. K a+ib=3- 4i then Re and Im part of the
complex number are:

(@ 3,4 (b) 3,-4
© 43 d 4,-3
Ans. (b) 3, -4
Explanation: Here, complex number is
a+ib=3-4i
A general complex number can be written os
Re + i(lm).
So. Re =13
And Im=-4

L
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7.

1+ P+ e P % + s
(a) positive
(b) negative
(¢ 0
(d) cannot be determined
[Delhi Gov. Term-1 SQP 2021]

Ans. (d) cannot be determined

Explanation: S=1+ 2+ +f+ .+ ™

=1-1+1-14+_+(-1)"
Obviously, it depends an n.
Hence cannot be determined unless n is known.

1-in
1+in
(@ 1 (b) -1
() O (d) none of these

=a+ib thena®+b?=

Ans. (o) 1

1-in -
Explanation: If T =a+ib ()]

+1n

then

=a-ib _(in)

On multiplying eg. () and (i), we get
(@ + ib)a - ib) = [1"" ]x[“—'”]

1+in 1-in

By 1——r.n 1+r.n "
1+in)J\1-in
Hence, at+bi=1
The value of (1 + )% - (1 - )* is:

(a) 8 (b) 4
(© -8 (d) 4

Ans. (c) -8

10.

Explanation: (1 + :}4 -(1- 1)4
=@+ -@-0y
R T ) L g Ly
=(-1+1+2)2-(1-1-2)?
= (2)° - (- 2
= 4i% + 4i
=87 =-8

The real value of 8 for which the expression

1+icosB ;
is a real number is:

1-2icosB
T T
nnt— nn+—
(a) 3 (®) >
© nx :I:g d 2nnt % [Diksha]

"
2 t=
Ans. (c) nm >

Get More Learning Materials Here : &

Explanation: Let

_ 1+icos®
T 1-2icos®

(1+icosB8)(1+2icos8)
(1-2/cosB)(1+2icosB)

1-2cos’8+13cos8

1+4cos’@
1—2(:0928“_ 3cos0
" 1+4cos?@ 1+4cos’@
It is given that z Is purely real, then
Im(2) =0
3cos®=0
2n+1l
0= u where neN
2
b8
= + -
p= nm 5
11. Th L rtf(l'H')z"
. The real part o G-h is:
- 1
a — —
@ 3 ®
1
{c) — 3 (d) none of these

[Delhi Gov. Term-1 SQP 2021]
Ans. (d) none of these
Explanation: Given,

2 .
Stl;—')n E 3i [Since (f + 1) = 2]
= —i
2i(3+1)
- 32 _1-2

[After rationalising the denominator]

2i(3+10)
T T10
_ @i-)
= T
Now real part of the given complex number is
1
g

R 4
12. [ﬂ] =1, then which of the following is

1-i
correct?
(@) x=2n (b) x=2n+1
(€) x=4n (d) x = 4n +1 [Diksha]

m @g www.studentbro.in
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Ans. c) x =4n

- : 1)
Explanation: Given 1 =1

On multiplying and dividing with (1 + JJ", we get

[{1+0(1+n g
(1-N(1+h

(1-1+21]"
g O fomiatian
2

f

3 3
But i

=
or F=1" (nez)

Therefore, x=4n,n € z

i3. The real value of a for which the expression
1-isina

m is purely real is:

(@) (n+1)%

(c) nmn (d) none of these
[NCERT Exemplar]

InsHE
(I;;)(n+)2

Ans. (c) nn

1—isi
Explanation: Given, $
1+ 2isino

Ratonalising the denominator

(1-isina)(l1-2isina)
(1+2Isina)(1-2isina)

l1—isina—-2isina+22sinla

1-4i%sina

1-3lsina-2sin’a

1+4sinla

1-2sina  3isina

1+4sinfe 1+4sin’a

It s given that z is purely real then

Assertion Reason Questions

Direction: In the following questions, a statement of
Assertion (A) is followed by a statement of Reason

R).

Choose the correct answer out of the following

choices.

(a) Both (A) and (R) are true and (R) is the carrect
explanation of (A).

(b) Both (A)and (R) aretrue but (R) is not the carrect
explanation of (A).

(© (A)istrue but (R) is false.

(d) (A)isfalse but (R) is true.

14. Assertion (A): Simplest form of i** is - i.
Reason (R): Additive inverse of (1 - i) is

equalto-1+i.
Ans. (A) is false but (R) Is true.

Explanation: i = '

Additive inverse of zis - z

So, additive inverse of (1 - is -1 + L

15. Assertion (A): fz, =2 + 3iand z, = 3 - 2i then
Z;~z,== 1+ 5%
Reason(R): If z, = (@ + ib) and z, = (c + id)
thenz -z, =(@-c)+i(b-d).
Ans. (@) Both (A) and (R) are true and (R) Is the
correct explanation of (A).
Explanation: Given z, =2 +3/andz, =3 -2
then
We know that. if z, = (a + ib) and z, = (c + [d).
then,
z,-z,=(a-c) +ib-d)
z.-z2,=(2+3)-(3-2)
zi=z,=2+31-3+2

2
17 %z
2
21—22=—1+5I

16. Assertion (A): If (1 +0)°=a + ib then b = -8.
Reason (R): I (1-i)’ =a +ibthen %= L

Ans. (b) Both (A) and (R) are true but (R) is not the
correct explanation of (A).

| =0 Explanation: Given,
. (1+J)E=((1+22)3
-3isina =+ +2;)33
= —_-—= _
1+4sin’a ;&)_314-20
= -38ina=0 =8P
;o B
=5 sina =0 :?JE;I
a=nnnel z=0-8i
Get More Learning Materials Here : & m
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On comparing it with a + ib, we get

b=-8
Given, Q- =13-P-3x1xi1-)
=1-i*xi=3i+3"
=1+i-3i-3
=-2-2
z=-2-12i

On comparing it with a + ib, we get
a=-2andb=-2

a_=2_4
b -2
17. Assertion (A): Multiplicative inverse of 2 - 3|
is2+ 3L
Reason(R): HKHz=3+4ithen Z =3 -4i.
Ans. (A) is false but (R) Is true.

Explanation: Multiplicative inverse of z = z™*

1
Multiplicative inverge of z=~
z

Puttingz=2-3i
1
2-3i
__ 1 (@+3)
T (2-30) (2+30)

Multplicative inverse of 2 - 3i =

2430
(2-30)(2+3I)
[Using (a + b)(a - b) = a® = b7
2+3i
22_(302
2+43i
492
Putting i* = -1

2430
4-9x-1
2+3i
449

2+3i
13

2 3

13 13

Hence, Multiplicative inverse = i+i
13 13
z=a+ib
Z =a-ib
z=3+4i
then Z =3-4i

(CASE BASED Questions (CBQS))

[ 4 & 5 marks |

Read the following passages and answer the
questions that follow:

i8. Two complex numbers Z, =a +iband Z,=c + Id
are said to be equal ifa=candb=d

(A) If (2@ + 2b) + i(b - @) = - 4i, then find the
real values of a and b.

(B) If (x + y) + i(x - y) = 4 + 6i, then find xy.

(C) Express the given expression (1 + i)(1 + 2i)
in the form a + ib and find the values of a
and b.

Ans. (A) We have (2a + 2b) + i(b - a) = - 4i
Here
2a+ 2b=0
=5 a+b=0 0]
and b-a=-4 D
On adding eq. (i) and (i), we get
a=2andb=-2
(B) Giventhat (x +y) + i(x-y) =4 + 6/
Hence,
Xx+y=4
x-y=86

by solving equations
x=5, =l

then xy=-5

(C) Given expression: (1 +)(1 + 2j)
Hence,
L+ +2)=1(1) + 1(2) + 1+ 2i()
QA+DA+2)=1+2i++2"
1+)A1+2)=1+2i+1+2(-1) [AS.F =-1]
Q+)1l+2)=1+2i+i=-2
1+)1+2)=-1+3

Hence, the expression (1 + )(1 + 2J) in the
formofa + biis -1 + 3L
Thus, the valueof a=-1and b = 3.

19. A complex number z is pure real if and only
if Z = z and is pure imaginary if and only if

Z =-z

A fFA+i)z= (1-Z, then-iZ is:
(@ -2z (b) z
© z (d) z*

L
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®) 2z, z, is:
(@ 2; 7 (b) 23 +2,
z, 1
) = (d) —
Z, Zy 2,

(C) f x and y are real numbers and the
complex number

(2+f)x-—i+(1——r')y+2r‘
4+i 4i

is pure real, the relation between x and y
is:

(a) 8x-17y =16

(b) 8x+17y =16

(c) 17x -8y =16

(d) 17x-8y =- 16
3+2isin8 T
If = — a<—| i
B » 1—2isin8(0< 2] il
imaginary, then 0 is equal to:
s s
@ 3 ® 3
e s
(0 3 (d) 3
(E) Assertion (A): The value of the expression:

A4 i1,

Reason (R): The values of i* and # are 1
and -1.

(a) Both (A) and (R) are true and (R) is the
correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not
the correct explanation of (A).

(c) (A)istrue but (R) is false.

(d) (A) is false but (R) is true.

Ans. (A) (b)z
Explanation: Since, (1 +)z=(1-1)z
¥ el Tei [A=B*

= — — K —
T 1+ 1-1 1P

N 144% =21 B
1+1
= z=-iZ
®) () 7%
Explanation: - 2,2, =27,Z,

©O (@ 8x-17y=16
Explanation: Let
QR+Dx-i (1-Dy+2i
Z= +
4+i 4i

_ 2x+(x=1)i % y+(2-y)i x’-
4+ 4i i

o @x+(x=DN@-D)  —iy+(2-y)

(4+0)(4-1) 4
8x+x—1+i(4x-—4—2x)+(2-—y)-ly
N 16+1 4

9x—1+I(2x——4)+2—-y-—r'y
17 4

Since, z is real

= z=z
= Imz=0
2x_4 U,
17 4
= Bx-16=17y
= 8x-17y=16
e
©© 3
lanation: 3+2isin® (1+2i5inB)
Explanitinnizie e L+ G ang)
_ (3+2sin@)(1+2/sinB)
1+4sin’@

_ (3-4sin’8)+i(85in6)

1+4sin?@
Since. z is pure imoginary.
= Re(z) =0
3-45in’ 0
P A ee—" o
1+4sin?0
3
= sinf@ ==
4
V3
= :t—
= sin 8 >
T T
= 3 (smce < 5

(E) (@) Both (A) and (R) are true and (R) is the
correct explanation of (A).

Explanation: A2 + j*0 4 80,

The given expression can be simplified os

follows:

POL P0G B ()P + (904 Y18

We know that the value of i is 1.

PO 0 5 0= (1 Pra (1339 4 (%8

PO 4 10, ®0 - (1) 4141

POe %%y ™=l 414 [Since 7 = 1]
e

Therefore, the simplification of 2 + {40 4+ 80
is L
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[ 1 mark |
. . =6i-i (7))
4 4 —
20. Reduce  —CHHIVD@-iV3) the - 6i-77
(V3+(20-(3-+21)
=6i+7
standard forre; Additive inverse = -6/ - 7
Ans (4+iV3)(4-iV3) _ 16312 . -
x (ﬁ+ﬁﬂ—(J3—J2J) \E+J2i-—\/3+\j2_f 23. Write the value of i + i~ + i +1i .
[Delhi Gov. SQP 2022]
=16+3= 19 Angf+ P24 P4 P =+ (A5 + (AV+ )
2\2i 22 -l (104 (1)
=j=14+1-1 [~ P#=-1]
19 _2\2i whad
= X ;
2;2" 2\[5' 24. Using conjugate and modulus of a complex
282 _19\[2‘! f\umber Z= 4 - 3i, find the multiplicative
= = : inverse of 4 - 3i.
8/ 4
Ans. letz=4-13|
_— . il
21. Write in the form of a + ib: 2+\/_3 Then, 7 =4+ 3/ond|z|= }(4)3+(_3}3=5
= _1.,[2
[Delhi Gov. QB 2022] Now, 2% =|z|
1 Z 4430 4 3,
Ans. Let - P T T
: e 2 6
" Hence, the multiplicative inverse of
= 4 3
=2+[y=-3 -3iis —+—i.
+r 4-3iis 25+251
_ —2-i3 25. ¥ (1 + )z= (1-DZ, then show that z = - iZ.
(-2+IW=3)(=2-iW73) [NCERT Exemplar]
Ans. We have,
_ =243 A+dz=(1-)Z
4+3 1-i_ (1-D{-D. (1-0*.
= Z= —2Z= =
] __z_ﬁi 1+ W+)1-)" (1-P)
i A .
o . _1-2i+? o 1-2i-1
22. Write the additive inverse of 6j - ,/—49. S e— =
Ans. Given, 6f—j,/—49 z=iz
(SHORT ANSWER Type-| Questions (SA-I) )
[ 2 marks |
26. Find the real value of '‘a’ for which = 2-a=0
3P -2ai+(1-a)i+5isreal = a=-2
[Delhi Gov. QB 2022] Hence, the real value of a for which 3 - 2ai*
Ans. 37 - 2ai* + (1-a)i + 5 +(1-0a)i+5isrealis-2.
==3+20+(-a)i+3 27. For what values aand b are (1 - i)a + (1 + )b
=(20+5)+i(1-a-3) and 1 - 3i equal?
=(2a+5)+i(-2-aq) Ans. Let A-Da+(1+db=1-3i
Since, 3Ff - 2af + (1 - a)i + Sis real = a-ia+b+ib=1-3i
~Im[3Pf-2a+(1-a)i+5]=0 = (a+b)+i(~-a+b)=1-3i
Get More Learning Materials Here : & m @) www.studentbro.in
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So, the real and imaginary parts of the above ‘E
complex numbers must be equal = \/é 0+i[—]
We have,
a+b=1 0 i J6(3)] 0+3.2i
= 1 =
-a+b=-3 (i) 2 2
On solving eq. (i) and (ii). we get Re(z,z,) =0
1
a=2and b=-1.
28. Find the conjugate of the following: A0 Sulis s a2 =amlaal
1 [NCERT Exemplar]
A —— ®) (2 +5)* Ans. We have, | 2| =z +1 + 2i
2+ 4
1 Putting z = x + iy, we get
Ans. (A) Let 2=2+4I- |x+ly|=x+ly+1+2i
_ (2-4)  2-4i > VP =+ 1) +iy+2)
T(2+4)(2-4) " 4-167
[-lz]=x® + 2]
2-4i 2 4 ; 0 . Lond i '
=20 ~20 20" n comparing real and imaginary parts, we get
7 2 L
Then, the conjugate of zis Z =%+%L ule e
And O=y+2
(B) We have, = y=-2
(2 +5)%=(2)% + 2x2x51 + (5)*
=4 420/-25 Putting this value of y in \}x2+y2 =x+1we
=-21+20i get
-.Complex conjugate of
¢ # —_— \,l:r:7+(—2)2 =x+1
(2 +5)% = (-21+20i)
=71 -20i On squaring both sides, we get
L+ =(x+1)?
29. If 2, =2 (cos 30° +isin 60°) e =)
= 2+d=2+2x+1
z,=V3(c0s60°+isin30°), then find the = I%=13
value of Re(z,z.). 3
X= =
Ans. Given, 2

z, = V2 (cos 30° +i5in 60°) and
z,= V3 (cos 60° +i5in 30°)
z 2, =[\/':‘ (cos30° +isin 80")]x
[J§ (cos 60° + i sin 30°)]

Ans. -
= \fé [(cos 30° cos 60° - sin 30° sin 609 1-1 1+l 1=+
+ I (cos 30° sin 30° + sin 60° cos® 807)] A+ +20-0+~ =21
= 7]
1-i
= V6 | cos(60°+30°) +i B
22 22 4o,
= =—= )4
[+ cos(A + B) = cos A cos B - sin A sin B] 2
1+i 1-—i
. ngcm90°+I{—\£§]J Hence, -1%;—1—*_;=\f'(0)2+(2)2 =2

Get More Learning Materials Here : &

Z=X+iy= % -2

1+fi 1-i
31. Find the modulus of ——-——.
1-§ 1+1

Lel_1-i_ (4P -Q-0F
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(SHORT ANSWER Type-Il Questions (SA-Il))

[ 3 marks |

32. a+ib=

(x+i)?
> ' prove that

2x°+1
_ {2 +1)?

(2x? +1)?

a’ +b? [Delhi Gov. SQP 2022)

(x+0)°
2x% 41

Ans. Given,a + ib
X2 +1% +2x
2x%+1

x? —1+i2x
2%x? +1

xi-1 [ 2x )
= +i
2%x2+1 2241

On comparing real and imaginary parts, we

obain
g 2
a= ¥ = and b= 2
2x% 41 2?41
2 2
2_
az ' bz ) [ : 1 ] +[ zx ]
2x2 41 2x% +1
B xd41-2x% 4452
(2% +1)°
_ 2414252
(2x2 +1)2
_ (2 +1)?
(2% +1)?
2 2
a?+ b= (x2+1)2
(2x“+1)

Hence, proved.

33. Find the real numbers x and y such that
(x - iy)(3 + 5i) is the conjugate of - 6 + 24,
Ans. Given that (x - iy)(3 + 5i) is the conjugate of

-6 +24i.
(x—iy)(3 +5)=-6 +24i
= 3x+ Six-3iy-52y=-6+ 24
= (3x+5y)+i(5x-3y)=-6 + 24i
So. the real and imaginary parts of the above
complex numbers must be equal
3x+5y=-6 Q)
S5x-3y=124 _(ii)

Performing eq. (i) x 3 + (ii) = 5, we get
9x+ 15y + 25x - 15y =-18 + 120

34x =102
X= .]£2.=3
34
Putting the value of x In eq. (1), we get
3x3+5y=-6
5y=—6—9
5y=—15
-15
— -—m-=--3
==

Therefare the value of x and y are 3 and -3
respectively.

34. Find real value of x and y,
i (1+J):u:—2l4_(2—3.")5.;“':i
3+i 3-1i
Ans. We have,

(+)x-2i (2-3D)y+i_,
34 3-i

{A+Nx=-2}B=-N+{(2-3N)y+i}(3 +1')_I,
(3+0)(3-1) -
{x+i(x=2}3=-N+{2y+i(1 =-3y)(3+N} o
(3+i)(3-1) -

(3+3i =i =1%)x = (6i = 2i%) + (6 = 9i + 2i = 3i%)
y+3i+id)}
22_}2
4+2x-6i+2)+O-7y+@Bi-N=i9+1)
4x + i -6/-2+9y-T7yi+ 3i-1=10i
(4x+9y-3)+i(2x=7y=3)

10 =0+i
4x+99—3=0 ey 2x-7y—3=1
10 10
4x+9y-3=0 ()]
2x-7y-13=0 (D)

On solving eq. () and (i), we get
x=3andy=-1

z+2
1 is 4, then show that

35. If the real part of 5

the locus of the point representing z in the

complex plane is a circle.  [NCERT Exemplar]
Ans. let z=x + iy

Now,

z+2 x—iy+2 [(x+2)-iy][(x-1)+iy]

z-1 x-iy-1 [(x-1)-iy][(x-1)+iy)

L
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(=D (x+2)+ +i[(x+2)y—(x-1) y]
(x=1)% +y?
Given that the real part is 4.

(x =1)(x +2) + 1>
S ) ol i SRS T
(x-1)? +y?

— Cax=-2+1y = 4(x*=2x+1+y?)

= 3 +3y*-9x+6=0,
which represents a circle
Hence, locus of zis a circle.

Ans.

|3Y2 - jp =4

- [( (31[2)2 +(__1)2)].1r=4x

= (Jay =4
= 442 — 4*
X
=) —=X
2
X
x===0
= 2
=5 x=0

36. Find the number of non-zero integral solutions Hence, the given equation does not have a nan-
of the equation | 3Y/2 - i [ = 4%, zero integral solution
( LONG ANSWER Type Questions (LA) )
[ 4 & 5 marks |
2 2
. pe+q
" +iy= |—— 2
37. If x+1y ~p' Prove that = A +yd) oy
B [On equaring bath sides]
P-+q
o +y)l= e Hence, proved.
a“+b 38. Find real value of x and y, if
A 1+)x-2i (2-3)y+i
: Lo |Ptia ( . ”)
Ans. Given, she & T 3+i 3-i '
[Delhi Gov. QB 2022]
i 2 Ans. Consider the given expressiang.
N2 | PTI9 ; s
= (x +iy)*= [_G+f'bJ (1+r')x'-21+(2 3‘)%“-1::'
3+i 3-i
[On squaring both sides] st el +29+(1—3y)f y
o 3+i Quaff
2. |p+iq
= [+ ) l= (x+(x=2)N(3=D+(2y +(1-3y)NE+7) _,
2
[On toking modulus on both sides] g
XB-D+ix=-2)3-N+2y3+1))
L +I(1-3y)3+) =0 +1)
= |(x+ig)(x+iy)|=ﬂ 3x = ix +i(3x - ix -6 + 2i) + 6y + 2iy
a+ib +i(3 +i-9y -3y = 10i
5 3x - ix + 3xi - ix - 6] + 2i* + By + 2iy + 3i
. - |p+ig + P - 9yi-3yi* = 10i
= [l 3x—lx+3xl+x=6-2 + 6y + 2y +3i-1
-9yi + 3y = 10i
2 2 4x+9y-3+2i-7yi-13i=0
7
= Jx2+(y)2 \fx2+(y)2=@ 4x+9y-3+(x-Ty-13)i=0
ya? +(b)? On comparing real part and imaginary part. we
get
5 D 4x+9y-3=0 @
+
S Y= Ty =13=0 _@
- On solving both equations, we get
2 2 x=3
= x?+y? — el
a? +b? g=-
Hence, the value of x, y is 3, -1.
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@7 : i:£|=z
V. IfFX-iy= S find the value of X* + y*. Ans. We have 2.3
2 Puting z=x + iy, we get
+ 9 q, 9
Ans. Given, x - iy = C 7) ()
2a+i 3
X+iy=2 -2
We know that if two complex numbers are x+fy—3|_

equal, then their conjugates are also.

Taking conjugate of both sides, we get ad 2 e =2 s 3wl

2 P a2 2
" (c2:+7) @ = \/{x—2) +y _2J(x 32 +y
i = X2-dx+44+ P =4x2-6x+9+ 147
Multiplying corresponding sides of both .
equations (i) and (i), we get = 3 +3y7-20x+32=0
(x = iy)(x + i)
= x2+y2—?x+¥=0

_ (a+7)2x(a+7')2

2a+i 2a-i 2
4 = [X—E] +g2+2—@=0
L apa. (et 779
(2a)? -2 10V .
4 = [x——] +{y—0)2=—
- Bt o (a+7) 3 9
4a® +1 10
Hence, center of the dircle is (?,OJGHd radius
40. Show that Z_§| =2 represents a circle. Find
z=1 2
its center and radius. [NCERT Exemplar] = 3"
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